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|sopticcumnes

Let be given a plane curve C and an ahgle

If it exists, the geometric locus of points through

which passes a pair of tangents to C making an angle
equal to’ Is called ansoptic curveof C.

The name comes from the fact that from points on

this geometric locus the curve C Is seen under an
angle equal t0 .
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Firstexamplesrthoptic curves
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Directrixof a parabola

Director circle of an Director circle of a hyperbola
ellipse (if it exists)
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../../../My GeoGebra files/directrix of a parabola - 2.ggb
../../../My GeoGebra files/directrix of a parabola - 2.ggb
../../../My GeoGebra files/director circle of an ellipse.ggb
../../../My GeoGebra files/director circle of an ellipse.ggb
../../../My GeoGebra files/director circle of hyperbola.ggb
../../../My GeoGebra files/director circle of hyperbola.ggb
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../../../../My GeoGebra files/60-120-bisoptic to a parabola.ggb
../../../../My GeoGebra files/60-120-bisoptic to a parabola.ggb

Algebraicwork ellipse

Consider the ellipse whose equationsstk®*y® =1, kI R
Take a pointT (x,, y,)

A lineLthrough T and nonparallel to the yaxis has
an equation of the formy- y, =m(x- x,) , Whele
the slope ofl

An ellipse Is strictly convex, thus t the line L Is
tangent to the ellipse E if, and only If, it has a
"double" point of intersection with the ellipse. The
possible slopes are the following:

\/Xg + Yok - 1- kx, Y, m, =- \/XS + yg!(z - 1+ kYo
1- X, kiL- )
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The tangents make an angle’off, and only If,

MM _tang
1+mm,

. 2,,2 2

l.e. 2k\/k’yo+x0 1‘:tanq

1- K22 +y2-

Squaring and multiplying by a common denominator:
K2x* + 2k 4t2x2y? - 2Kk2 (K2 +12 + 2)x2 + k‘t2y*
- 2k (K2 + 2k + )y + KT+ 2k (1P +2) +t° =0

DRN: Isoptics of Fermat curve23rd ACA
Jerusalem




(B)sopticccurves of an ellipse

Example:

E: X°+4y° =1
T 132,41

opt(Ess): (X2 +y?)’ - 2" " 2Y 16
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../../../../My GeoGebra files/135 - bisoptic of an ellipse.ggb
../../../../My GeoGebra files/135 - bisoptic of an ellipse.ggb

Fermatccurves

A curve whose equation is of the form

X"+y"=1nl ?
will be called a Fermat curve

n=3
n=4

These curves are
closed for evem and
open for oddn.
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Generalization

We can consider curves whose equation Is
X+ )y =1

for any non negative real.

For example, thastroid
(for n=1/3):

Problem: the curve iIs
not smooth

(EATN
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|soptic cunves of acFermatreurve

By the same way as above:

C 2 NJi, yhe Biermat curve is strictly convex

For n >1, through any point exterior to the curve
passes a pair of tangents

OF OK Ul y3aSyid G2dzOKSa GKS
Therefore we look for values of the slope m for which

the following system of equations has a double
solution:

ex"+y" =1
I
(Y- Yo=m(X- X))
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Orthopticof a Fermat curve

n=6
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../../../../My GeoGebra files/90-isoptic curve of fermat.ggb
../../../../My GeoGebra files/90-isoptic curve of fermat.ggb

ex'+y" =1
Theproblems ., -«

AAlgebraic:

Athe solutions of the Fermat equation avoid points for
which both coordinates are rational

Almpossible to use Grobner bases

ATechnological:

AWe were able to build therthoptic of the Fermat curve
usingGeogebrabut noother isoptic
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Calcudating , ... numerically

ARectilinear X-y) or polar {-* ) equispaced mesh
ANeed— for each external point

ASystem of nonlinear equations:
Aal (0 KS Y INGOvOR Qa
AFindinstance [] was less useful (even worse!)

ALimited to nongeneralizedto @ p

ANSolve [| did not likeAbs[] in the equation

A6 X o0dzi R2y Qi fSIFO@BS &SGHU
Al 'y GaOKSIFO€é¢ o0& OL¥EAYT
AEither mesh: only need far — -
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NumericalPRlotting/Methods

APlotting Fermat curve alone:
ARegionPlot [] or ContourPlot ]

AFor the— values:

AListContourPlot I
A 2D, third-order interpolation
APerformanceGoal - >"Quality" (vs. speed)

Amesh, allows for :
A non-equi-spaced
A added resolution at corners
A skipping points wher&lSolvg] did not converge
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NSolve=[] ] -- limitations

ACannot includdPossibleZeroQ ]
AWorkingPrecision - >20

ANeed to wrap iN[] :
Ato rid of machine error, for subsequent angle calculation
A more importantly:beforeNSolve [] , hugespeedup

AStill, near Fermat curve and high
A#results:0,1,2,3% X

Alf more than2:
Aremove duplicates

Alf less thare;
A no need to reissue with higher precision
_ Abuild up sensible points

- 'J/,‘

AN/
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