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Isoptic curves

Let be given a plane curve C and an angle .̒

If it exists, the geometric locus of points through 
which passes a pair of tangents to C making an angle 
equal to ̒ is called an isoptic curve of C. 

The name comes from the fact that from points on 
this geometric locus the curve C is seen under an 
angle equal to ̒.
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First examples: orthopticcurves

Directrixof a parabola Director circle of an 
ellipse

Director circle of a hyperbola 
(if it exists)
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../../../My GeoGebra files/directrix of a parabola - 2.ggb
../../../My GeoGebra files/directrix of a parabola - 2.ggb
../../../My GeoGebra files/director circle of an ellipse.ggb
../../../My GeoGebra files/director circle of an ellipse.ggb
../../../My GeoGebra files/director circle of hyperbola.ggb
../../../My GeoGebra files/director circle of hyperbola.ggb


Isoptic curves of a parabola
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../../../../My GeoGebra files/60-120-bisoptic to a parabola.ggb
../../../../My GeoGebra files/60-120-bisoptic to a parabola.ggb


Algebraic work - ellipse

Consider the ellipse whose equation is

Take a point               . 

A line L through   T and non-parallel to the y-axis has 
an equation of the form                           , where m is 
the slope of L. 

An ellipse is strictly convex, thus t the line L is 
tangent to the ellipse E if, and only if, it has a 
"double" point of intersection with the ellipse. The 
possible slopes are the following:

RÍ=+ kykx ,1222

( )00, yxT

( )00 xxmyy -=-

( )2

0

00

22

0

2

0

1
1

1

xk

ykxkyx
m

-

--+
= ( )20

00

22

0

2

0

2
1

1

xk

ykxkyx
m

-

+-+
-=

DP-N: Isoptics of Fermat curves - 23rd ACA -
Jerusalem

5



The tangents make an angle of i̒f, and only if,

i.e. 

Squaring and multiplying by a common denominator:
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(B)Isoptic curves of an ellipse

Example:

E: 

Opt(E,45): 
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../../../../My GeoGebra files/135 - bisoptic of an ellipse.ggb
../../../../My GeoGebra files/135 - bisoptic of an ellipse.ggb


Fermat curves

A curve whose equation is of the form

will be called a Fermat curve 

ɁÍ=+ nyx nn ,1

n=3
n=4
n=6

These curves are 
closed for even n and 
open for odd n.
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Generalization

We can consider curves whose equation is

for any non negative real n.

For example, the astroid

(for n=1/3):

Problem: the curve is 

not smooth
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Isoptic curves of a Fermat curve

By the same way as above:

CƻǊ ƴ җ 1, the Fermat curve is strictly convex

For n > 1, through any point exterior to the curve 
passes a pair of tangents

9ŀŎƘ ǘŀƴƎŜƴǘ ǘƻǳŎƘŜǎ ǘƘŜ ŎǳǊǾŜ ŀǘ ŀ άŘƻǳōƭŜέ Ǉƻƛƴǘ

Therefore we look for values of the slope m for which 
the following system of equations has a double 
solution:   
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Orthopticof a Fermat curve
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n=4

n=6

../../../../My GeoGebra files/90-isoptic curve of fermat.ggb
../../../../My GeoGebra files/90-isoptic curve of fermat.ggb


The problems

ÅAlgebraic: 
Åthe solutions of the Fermat equation avoid points for 

which both coordinates are rational

ÅImpossible to use Gröbner bases

ÅTechnological:
ÅWe were able to build the orthoptic of the Fermat curve 

using Geogebra, but no other isoptic
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Calculating — numerically
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ÅRectilinear (x-y) or polar (r- )̒ equi-spaced mesh

ÅNeed — for each external point

ÅSystem of nonlinear equations:
ÅaŀǘƘŜƳŀǘƛŎŀΩǎNSolve []

ÅFindInstance [] was less useful (even worse!)

ÅLimited to non-generalized: ὼ ώ ρ
ÅNSolve [] did not like Abs[] in the equation

ÅόΧ ōǳǘ ŘƻƴΩǘ ƭŜŀǾŜ ȅŜǘΗύ

Å/ŀƴ άŎƘŜŀǘέ ōȅ ŎƻǇȅƛƴƎ ǎȅƳƳŜǘǊƛŜǎ όϝ 8)

ÅEither mesh: only need for π —



Numerical Plotting Methods
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ÅPlotting Fermat curve alone:
ÅRegionPlot [] or ContourPlot []

ÅFor the — values:
ÅListContourPlot []

Å2D, third-order interpolation

ÅPerformanceGoal - >"Quality" (vs. speed)

Åmesh, allows for :
Ånon-equi-spaced

Åadded resolution at corners

Åskipping points where NSolve[] did not converge



NSolve [] -- limitations
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ÅCannot include PossibleZeroQ []

ÅWorkingPrecision - >20

ÅNeed to wrap in N[] :
Åto rid of machine error, for subsequent angle calculation
Åmore importantly: beforeNSolve [] , hugespeedup

ÅStill, near Fermat curve and high ὲ:
Å#results: 0, 1, 2, 3Σ Χ

ÅIf more than 2:
Åremove duplicates

ÅIf less than 2:
Åno need to reissue with higher precision
Åbuild up sensible points



Using numerical analysis
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Pinching at Corners �t any guess?

DP-N: Isoptics of Fermat curves - 23rd ACA -
Jerusalem

17


